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Book Review 
H. BROWN, J. NEUBUSER, H. WONDRATBCHEK, AND H. ZASSENHAUS, Crystallo- 
graphic Groups of Four-Dimensional Space, Wiley, New York, 1978, xiv + 443 pp. 
£ 27. 
Suppose that T' is a subgroup of the Euclidean group E(n) of isometries of 
~ and that the orbit space FI~ ~ is compact (i.e., F has a compact fundamental 
domain). Such groups are often called n-dimensional Bieberbach groups. They 
play an important role in both crystallography and differential geometry and 
have a somewhat interesting history. Hilbert, in his eighteenth problem on 
congruent polyhedra [9], asked whether there are only finitely many Bieberbach 
groups in each dimension. Low-dimensional evidence available at the time 
suggested a positive answer. However, Hilbert himself did not expect o see 
the problem solved within his lifetinle. To his surprise, only ten years later, 
Bieberbach [2] provided an elegant affirmative answer to Hilbert's problem 
and, in the process, discovered an interesting algebraic description of this 
class of groups. Phrased in more modern language, Bieberbach proved the 
necessity of the following condition (while the sufficiency was observed later 
by Zassenhaus): 
BIEBERBACH-ZASSENHAUS THEOREM. F is isomorphic to a Bieberbach group 
if and only if there exists a short exact sequence 
1 --~ 7/n---~ F--* G--~ 1, (*) 
where G is a finite group (the point group) and via (.) acts faithfully on Z n. 
Of course, this result itself suggests a possible approach to Hilbert's finiteness 
problem. Indeed, one is reduced to considering the following triplet of problems. 
(1) Finiteness of the number of finite subgroups G of the unimodular group 
GL(n, Z) (up to isomorphism). 
(2) Given G from (1), finiteness of the number of embeddings of G into 
GL(n, Z) (up to inner automorphism). 
(3) Given G from (1), finiteness of the number of extensions (.) of 77n by G. 
The first problem had recently been handled by Minkowski [10] and, indeed, 
he showed that any finite subgro.u p of GL(n, 7/) embeds into GL(n, 77/3). The 
affirmative solution of the second problem was implicit in the work of Jordan 
and was later re-proved by Zassenhaus (hence usually referred to as the Jordan- 
Zassenhaus theorem). Finally, the last problem is all too familiar to homologieal 
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algebraists as a consequence of the finiteness of the second cohomologygroup 
H2(G, 77~), for finite G. This is a rough sketch of Bieberbach's proof (see [1, 12]) 
and clearly indicates the possibility of turning it into an algorithm for the 
determination of the Bieberbach groups in a fixed dimension. 
A year after Bieberbach's solution, Frobenius [7] suggested that Hilbert's 
intention was that one look at Bieberbach groups up to affine equivalence, not 
abstract isomorphism. In particular, Frobenius proved the apparently stronger 
version of the finiteness result for this equivalenee r lation. In the next year, 
Bieberbach, not wishing to be outdone, demonstrated that affine equivalence 
and abstract isomorphism were indeed equivalent for Bieberbach groups [3]. 
Somewhat later, in 1948, Zassenhaus [13] looked more closely at Bieberbaeh's 
work and constructed an effective procedure for determining the isomorphism 
classes of Bieberbach groups in a fixed dimension. Let us define B(n) as the 
number of such classes in dimension . Already in the late nineteenth century, 
Fedorov, Schoenflies, and others managed to compute B(2) = 17, B(3) = 219 
and had a fairly explicit grasp of the groups involved. This first number is the 
well-known classification of "wall-paper" groups [11] and the second number 
is the highly practical cataloguing of the possible symmetry groups of three- 
dimensional crystal structures [4]. At this point, we should mention that the 
working crystallographer believes that there are 230 crystallographic groups. 
This is because he classifies using the finer relation of affine equivalence in 
E(n) by a matrix of determinant one. This, of course, has an appropriate physical 
significance. In the three-dimensional case, 11 of the 219 classes split into 
(what the authors call) enantiomorphic pairs and so the number above is ex- 
plained. 
The basic point of the book under discussion is a compilation of the long- 
awaited details of the identity B(4)= 4783, generated using Zassenhaus' 
algorithm. The work involved is a highly interdisciplinary effort of computer 
science, crystallography, and mathematics (to judge from the author's credentials 
alone). Certainly, such diligent scientific collaboration deserves attention and 
praise. Unfortunately, at the outset, I must register an objection to the book 
(or rather its publishers) on a matter of economics (rather than mathematics). 
Of the four and a half hundred-odd pages, much less than one hundred are 
actually proper text. The remainder of the book is an extensive tabulation of 
valuable details concerning the 4783 groups (and their two- and three-dimen- 
sional counterparts). It seems to the reviewer that the mathematical and scientific 
community would have been better served if the massive amounts of computer 
printout could have been included on a half-dozen or so microfiehe cards 
rather than on the bulky and expensive printed page. But, enough talk of 
worldly matters. 
The text, minimal though it is, is quite good. There is a well-motivated 
introduction ("... this description of the four-dimensional crystallographic 
groups provides a better insight into dimension-independent crystaliographie 
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properties and, thereby, a deeper understanding of crystallography in two and 
three dimensions") and very readable historical notes (see also [9]) that are 
backed up by a solid bibliography of over one hundred references. The first 
chapter (Basic Concepts) is a systematic, algebraic introduction to the funda- 
mental notions of crystallography (including Bravais lattices) and does a respect- 
able job of clearing up confusion (at least, the reviewer's) about the different 
classification schemes cattered through the literature. I am afraid, though, 
that some purists will be put off by the somewhat "immature" mathematical 
prose of the text. Certainly, this is a concession to the working crystallographer 
and should be tolerated. 
The second chapter (Guide to the Tables) is an explanation of the format 
of the lists and tables that constitute roughly four-fifths of the book. We should 
say a few words about Zassenhaus' algorithm at this point. The crucial input 
consists of a listing of conjugacy class representatives of the finite subgroups of 
GL(n, 7_) and their respective normalizers in GL(n, 7/). In practice, one actually 
begins with the maximal finite subgroups (see [6] for n = 4) and then uses 
other packaged programs to analyze the internal subgroup structure. Then one 
computes the cohomology groups H2(G, 7_n)= Hi(G, Nn/7]n) and examines 
the orbits under the action of the normalizer, which turn out to precisely 
parameterize the isomorphism classes of n-dimensional Bieberbach groups. 
We give a sample of the listing of four-dimensional groups that comprises 
half of all the tables. Such a group is assigned a number, e.g., 08/01/01/002. 
The first number denotes the "crystal system" of which there are 33 in four 
dimensions (see the book for a precise definition). The second (resp. third) 
number is the Q-class (resp. 77-class) of the point group, i.e., its equivalence 
class up to conjugacy in GL(n, Q) (resp. GL(n, 2[)). The fourth number is an 
index of the orbit of the normalizer of the point group on its second-dimen- 
sional cohomology, as above. The corresponding space group Y' acts without 
fixed points on N4 so is preceded by (FF) in the table. In addition, it splits 
into an enantiomorphic pair, so is adorned by an .. The table provides aspecific 
generating set of affine isometrics in matrix form and other elevant information. 
Finally, there is an appendix describing an approach to Bieberbach's theorem 
concerning the existence of n linearly independent translations (i.e., 77n) in an 
n-dimensional Bieberbach group and an inductive method for constructing 
such groups from their lower-dimensional versions. 
Certainly no discussion of this subject is complete without some mention of its 
differential-geometric aspect [12], and I am glad the authors did not choose to 
gnore it. If the group/" acts freely on R n, then the orbit space ff\Nn is a com- 
pact, flat Riemannian manifold (a Euclidean space form), with fundamental 
group N. This happens precisely when F is torsion-free. Indeed, a flat Rieman- 
nian manifold is determined up to affine equivalence by its fundamental group, 
so that the torsion-free Bieberbach groups are equivalent to an appropriate 
geometric ategory (loosely speaking). In this situation the point group corres- 
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ponds to the linear holonomy group of the manifold and the free Abelian sub- 
group provides a covering of the manifold by a flat torus. In 1957, Calabi 
classified the four-dimensional Euclidean space forms and his results are 
confirmed by the tabulations we have been discussing. Let us define/)(n) as 
the number of torsion-free Bieberbach groups in dimension . Then one knows 
/)(2) = 2, /)(3) = 10, and /)(4) = 74. On the other hand there are 75 four- 
dimensional space forms because exactly the group 08/01/01/002 mentioned 
above splits. 
The question arises (though not often in mathematical circles) whether any 
physical applications are envisaged for four-dimensional crystallography. 
According to the authors, some use has been made of these notions in under- 
standing the crystal structure of NaeCO 2 and in doing some version of relativistic 
crystallography. References to such practical matters are given in the text 
with a minimal amount of discussion. 
Finally, what are the future directions of higher-dimensional crystallography 
and computer-aided crystallographic research ? It appears that a compilation 
of the complete five-dimensional picture might tax paper resources and pre- 
sumably the computational hardware also. On the other hand, it seems likely 
that/)(5) might be a feasible number and the classification and description of the 
five-dimensional Euclidean space forms would be of topological interest. We 
should mention that much of the raw input required for the program has been 
deteimined for n =- 5, 6, 7 by W. Plesken and M. Pohst. 
Of course, psychologically one begins to feel that dimension-independent 
results might be more potentially rewarding. Here the starting point is a fixed- 
point group rather than the dimension. Some interesting work in this direction 
has been done by Charlap [5] (for cyclic groups) and Maxwell [8] (for Coxeter 
groups and their rotation subgroups). 
Modulo some reservations concerning the production of the book, I believe 
it can serve a valuable function in making the mathematical community aware 
of the mathematical spects of physical crystallography. In particular, it does 
make cleaner mathematical sense out of the often disturbingly ad hoc notations 
and concepts of international crystallographic tables. The text of the book, 
albeit brief, is a good introduction to this circle of ideas. As I have tried to 
indicate, the subject itself is surprisingly rich in much lovable mathematics: 
the internal structure of GL(n, 77), group cohomology, and the Euclidean space 
form problem. Unfortunately, it still seems that there is no text devoted to a 
comprehensive algebraic treatment of crystallography (with the exception of 
[12, Chap. 3]) and possibly this book will provide the proper inspiration for a 
prospective author. 
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